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Fractal and Related Fields 2 Self-similarity

Definition 1 A random field X = (X(x))x∈Rd is self-similar of orderH if

∀ε > 0, (X(εx))x∈Rd

(d)
= εH(X(x))x∈Rd .

☛ Global Property.

☛ LetX be a non degenerate continuous Gaussian random field self-similar of orderH with stationary

increments.

E
(
(X(x+ y)−X(x))2

)
= ‖y‖2HE

(
X(y/‖y‖)2

)
, y 6= 0.

• Directional pointwise H ölder exponent

Let θ ∈ S
d−1 s.t. X(θ) 6= 0. Then,

HX(x, θ) = sup

{
γ ∈ R, lim

t→0

X(x+ tθ)−X(x)

|t|γ
= 0

}
= H a.s.

• Pointwise H ölder exponent

HX(x) = sup

{
γ ∈ R, lim

y→0

X(x+ y)−X(x)

‖y‖γ
= 0

}
= H a.s.
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Fractal and Related Fields 2 Fractional Brownian motion

Definition 2 (Kolmogorov 1940 / Mandelbrot, Van Ness 1968) The FBMBH of exponent

H ∈ (0, 1) is the real centered Gaussian random field such that for every x, y ∈ R
d,

E (BH (x)BH (y)) =
1

2

[
‖x‖2H + ‖y‖2H − ‖x− y‖2H

]
.

☛ only isotropic H-self-similar Gaussian field with stationary increments,

up to a deterministic multiplicative constant.

☛ Harmonizable Representation

BH(x) =
1

CH
ℜ

∫

Rd

eix·ξ − 1

‖ξ‖H+d/2
W2(dξ) ,

with W2(dξ) an isotropic complex Gaussian random measure.

FBM with d = 2, H = 0.7

(Stein Method)
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Fractal and Related Fields 2 Local asymptotic self-similarity

Definition 3 (Benassi, Jaffard, Roux/ Peltier, L évy Véhel) A random fieldX = (X(x))x∈Rd is

locally asymptotically self-similar (lass) of order h(x) at point x if

lim
ε→0+

(
X(x+ εu)−X(x)

εh(x)

)

u∈Rd

(d)
= (Zx(u))∈Rd

with Zx a non degenerate random field.

☛H-self-similar =⇒ Lass at 0 of orderH with Z0 = X .

☛ Zx is self-similar of order h(x).

☛X continuous lass at any x=⇒ for almost x, Zx has stationary increments (FALCONER).
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Fractal and Related Fields 2 Local asymptotic self-similarity

Multifractional Brownian Motion

Bh(x) =
1

Ch(x)
ℜ

∫

Rd

eix·ξ − 1

‖ξ‖h(x)+d/2
W2(dξ) ,

with h : Rd → (0, 1) a Lipschitz function.

☛ Lass at point x of order h(x) with tangent field Zx = Bh(x) a FBM of order h(x).

☛ Pointwise H ölder exponent:

HBh
(x) = h(x) a.s.

☛ Directional pointwise H ölder exponent: for any θ ∈ S
d−1,

HBh
(x, θ) = h(x) a.s.
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Fractal and Related Fields 2 Operator scaling property

Definition 4 (Bierm é, Meerschaert, Scheffler 2007) A random field (X(x))x∈Rd is operator

scaling for a matrix E ∈ Md(R) if

∀c > 0,
(
X
(
cEx

))

x∈Rd

(d)
= c (X(x))x∈Rd

with cE = exp (E ln (c)).

Remark If E = diag(λ1, . . . , λd), then,X
(
cEx

)
= X

(
cλ1x1, . . . , c

λdxd
)
.

☛H-self-similar ⇐⇒ Operator scaling for E = Id/H .

☛ Example 1: The fractional Brownian sheet

B̃(x) = ℜ

∫

Rd

d∏

i=1

eixjξj − 1

|ξj |
Hj+1/2

W2(dξ), x ∈ R
d,

is operator scaling for E = diag(1/H1, . . . , 1/Hd).
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Fractal and Related Fields 2 Operator scaling property

☛ ConsiderX a continuous operator scaling field for E. Let u ∈ R
d\{0} and λ ∈ R\{0} s.t.

Eu = λu.

• (X(tu))t∈R
is self-similar with index 1/λ, i.e.

∀c > 0, (X(ctu))t∈R

(d)
= c1/λ (X(tu))t∈R

,

The scaling property may depend on the direction u.

•X Gaussian with stationary increments s.t. X(u) 6= 0 =⇒HX(x, u) = 1/λ a.s.

The directional H ölder regularity may depend on the direction u.
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Fractal and Related Fields 2 Operator scaling property

☛ Example 2: BIERMÉ, MEERSCHAERT, SCHEFFLER 2007

Xα,ψ(x) = ℜ

∫

Rd

(
e
ix·ξ − 1

)
ψ(ξ)−1−tr(E)/αWα(dξ)

with Wα an α-stable isotropic complex random measure and ψ Et-homogeneous, i.e. s.t.

∀c > 0, ∀x ∈ R
d, ψ

(
cE

t

x
)
= cψ(x).

• E = Id/H and ψ = ‖·‖H =⇒X2,ψ = FBM of exponentH .

•X well-defined and stoch. cont. ⇐⇒ min
λ∈SpE

ℜ(λ) > 1.

• Stationary increments.

•HX(x, u) may depend on the direction u but not on x.

; Sample paths regularity: BIERMÉ, MEERSCHAERT, SCHEFFLER /

BIERMÉ, L. / CLAUSEL, VÉDEL.
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Fractal and Related Fields 2 Local asymptotic operator scaling property

Definition 5 (Bierm é, L., Scheffler, 2011) A random field X = (X(x))x∈Rd is locally

asymptotically operator scaling (laos) at point x for the matrix E(x) if

lim
ε→0+



X
(
x+ εE(x)u

)
−X(x)

ε




u∈Rd

(d)
= (Zx(u))∈Rd

with Zx a non degenerate random field.

☛ Lass of order h(x) at point x⇐⇒ Laos at x for E(x) = Id/h(x).

☛ Operator scaling for E =⇒ Laos at 0 for E.

☛ Zx operator scaling of orderE(x).
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Fractal and Related Fields 2 Local asymptotic operator scaling property

For any x, consider a matrix E(x) ∈ Md(R). Assume that

• ∀x ∈ R
d, min
λ∈SpE(x)

ℜ(λ) > 1,

• ψx : Rd\{0} → (0,+∞) continuousE(x0)
t-homogeneous.

Then,

Xα(x) = ℜ

∫

Rd

(
e
ix·ξ − 1

)
ψx(ξ)

−1−tr(E(x))/αWα(dξ)

is well-defined. We also assume some locally Lipschitz conditions onE and ψ and

• E(y)E(w) = E(w)E(y) for y,w in a neighborhood of x.

Theorem 6 (Bierm é, L., Scheffler, 2011)

Xα is laos for E(x) at point x with Zx = Xα,ψx a harmonizable operator scaling random field for

E(x) (defined with ψx).

☛ Example E(x) = E0/h(x) and ψx = ψh(x) (this includes mutifractional Brownian motions)
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Fractal and Related Fields 2 Local asymptotic operator scaling property

Jordan decomposition of E(x)

E(x) = P (x)−1




J1(x) 0 . . . 0

0 J2(x) 0
...

...
. . .

. . . 0

0 . . . 0 Jpx(x)




P (x).

• Jk(x) associated with ak(x) the real part of the eigenvalue λk(x).

• Let (e1, . . . , ed) be the canonical basis of Rd. For all j = 1, . . . , px, let

Wj(x) = span

(
P (x)−1ek ;

j−1∑

i=1

di + 1 ≤ k ≤

j∑

i=1

di

)
.

where dk = size(Jk(x)).
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Fractal and Related Fields 2 Local asymptotic operator scaling property

Theorem 7 (Bierm é, L., Scheffler, 2011)

• If θ ∈Wj(x) ∩ S
d−1, a.s.

HXα(x, θ) =
1

aj(x)

• Moreover, a.s.

HXα(x) =
1

max
1≤j≤d

aj(x)

☛ Example 1 LetE = E0/h(x). LetW1, . . . ,Wp be the subspaces associated to the Jordan’s

decomposition of E0 (resp. associated with a0j = ℜ(λ0
j)).

If u ∈Wj ∩ S
d−1, for any x ∈ R

d, a.s.

HXα(x, u) =
h(x)

a0j
.

Moreover, for any x ∈ R
d, a.s.

HXα(x) =
h(x)

max
1≤j≤d

a
(0)
j

.
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Fractal and Related Fields 2 Local asymptotic operator scaling property

☛ Example 2 ConsiderH1, . . . , Hd some locally Lipschitz functions and

E = P−1
diag (1/H1, . . . , 1/Hd)P.

Let 1 ≤ j ≤ d and set fj = P−1ej . Then, for any x ∈ R
d,

HXα

(
x,

fj
‖fj‖

)
= Hj(x) almost surely.

☛ Example 3 Let

E(x) = a(x)


 cos(θ(x)) sin(θ(x))

− sin(θ(x)) cos(θ(x))




where a and θ are locally Lipschitz functions. Then, for every x ∈ R
d and u ∈ S

d−1,

HXα(x, u) =
1

a(x) cos (θ(x))
.
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