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Model definition
Distributions in R", depending on the function V and g > 0
Pus(AL, oy An) = Z;lﬁ[V]eﬁH(/\l,...,)\n)/Q,

where H (Hamiltonian) and Z, g[V] (partition function) are

H(AL - ) = =0 V(&) + ) log| i — Ay,
i=1 i

7o 5[V] = / FHOLM/240 A, V(A) > (14 ¢)log(l + A2).

v

For g =1,2,4 it is a joint eigenvalues distribution of real symmetric,
hermitian and symplectic matrix models respectively.

Marginal densities (correlation functions)

pl(n)()\lw'-,>\1) =/

Rn

. pn,,B(AI; ...)\17 >\1+1, 500%) An)dAl+1"'d>\n
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Linear eigenvalue statistics and characteristic functional

Linear eigenvalue statistics (LES) of the test function h and NCM

Nalh] = Zh(m Nu[A] = #{)\ € A}/n

The moments of LES can be written in terms of correlation functions.
In particular,

E{N,[]} = n / B(\)p{") (A)dA

and Var,{Ny[h]} can be expressed in terms of pgn)()q, A2) and pgn)()\l).

Characteristic functional

=7 gV — = (b~ BN 1))/ Za s[V],

V.

11vhad nAatantial
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First step for § matrix models

Theorem |Boutet de Monvel, Pastur, S:95; Johansson:98|
If V is a Holder function, then

2
log Zy g[V] = n75[\/'] + O(nlogn),

where E[V] = —minmem, {L[dm,dm] + fV()\)m(d/\)} = Ey(m*),

L{dm, ds] = [ log|A = | (A (),
m*(dA) = p(A)dA (called the equilibrium measure) has a compact

support o := suppm®.
Moreover, if h' € Ly[o.]

0 'E{N,[h]} — (b, m*)| < Cn~ /2 log"/? n[h'||3/*||b||5>
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Motivation to study log Z, s[V]: universality for g = 1,4
Result of Widom:99

For polynomial V of degree 2m there is (2m — 1) x (2m — 1) matrix Ty

(it can be constructed directly) such that if logdet Ty, > —C uniformly
in n, then the Dyson universality conjecture is true for 8 = 1,4

o V=2A/4+a)\?/2 [Stojanovich:02],
o V = \2m |Deift,Gioev:07,07al,

@ V-real analytic with one interval equilibrium density [S:09,09a].
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o V=2A/4+a)\?/2 [Stojanovich:02],
o V = \2m |Deift,Gioev:07,07al,

@ V-real analytic with one interval equilibrium density [S:09,09a].

Observation of Stojanovich [St:02]

(T V1Zajpa VIV
det(Tn) - < Zn72[V](n/2)I2n )

Hence to control det(T,), it suffices to control log(Z, g/n!) for
B =1,2,4up to O(1) terms.

v
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Results for one cut potentials

Theorem [Johansson:98] CLT for LES in the one cut case

V is polynomial, o = [a,b], and p is "generic". Then for any h: R — R
with [[0)]|oo, [l < logn

- 2 1 —
Zuplh] = exp {g ((5 —1)(0,v) + 7(0oh,1)) } (1 + 0~ Ol S) )
where the "variance operator" D, and the measure v have the form

o / 1/2
Ootb) = [ S0 [N ) = (- r —a)

(n,h) = i(h(b) +h(a)) - % / ;92)21;) + %(Da log P, h)

Remark

D, is "almost" £, !, where £, is the integral operator defined by the
kernel log |\ — p|~! for the interval o
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Theorem [Kriecherbauer, S:10]
Q@ Forh=0

log(Zy 5/n!) :ﬁTnE[V] +Fs(n) + n<§ — 1) ((log p, p) — 1 — log 2mr)
+15[p] + O(n ™),

where Fg(n) corresponds to the linear, logarithmic and zero order
terms of the expansion in n of log Zy g[V*] for V*(\) = A\?/2:

1 2
Fs(n) :n(g - 1> <Iog? - 5) +nlog% —cglogn + c(ﬁl),

(1)
B

where cg = 2% — i + % and ¢y’ is some depending only on 8

constant (for § = 2, c(ﬁl) = ('(1))
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Other results for one cut potentials:

@  [Albeverio,Pastur,S:01] expansion of the first and the second
correlators for one-cut real analytic V and § = 2;

©  [Ercolani, McLaughlin:03] expansion of log Z, g[V] for
polynomial one-cut V and g = 2;

@  [Borot, Guionnet:11] expansion of all correlators and log Z,, 5[V]
for one-cut real analytic V and any 5.
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CLT and expansions for multi - cut case. Results.

o [Chekhov,Eynard:06, Eynard:09] formal expansions for
multi-cut V and any (;

@  [Pastur:07] derivation of CLT from OP-asymptotics of [Deift at
al:99| for real analytic h and 8 = 2;
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Idea from the mean field theory of statistical mechanics
Consider the Hamiltonian

Ha(?) = Hi(D) + 5 (Zwu)

where Hf is the Hamiltonian for which we are able to find the log Z3(u)
up to the order O(n~¥)

() = A og Z5(u) = 508 Z5(0) + 4+ 3 )

where

7 (] = / AP Ha(R) v S () +u (e (3~ (9))

We would like to find the partition function of Hy:

— / (V)
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Introduce the "approximate" Hamiltonian

_ 2
HP() = B () +1v Yo o(h) — 0’5 v = (o,
J

1

Hy = HP () + 5 D (e(h) = (@) (e(N) — (©).)
i

Use the Hubbard-Stratonovich transformation

7. =2 / O / Qe Q)8 3 (o)~ () 1) —Bu? 2
27

Take the integral with respect to X first. We obtain
ZIl = /dueﬁf;(u)_ﬂu2/2

Expand f/(u) in the series with respect to n~! and live at the
exponent only O(1) quadratic term. Taking the integrals with
respect to u we obtain the expansion for Zj.
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Assumptions and the restriction of the integration domain

Assumptions
@ V is real analytic,

q
o= U Oa, fha = / Pa(A)dA,  po = 14, p.
a=1 Oa

@ V is of generic behavior.

Replace the integration domain in the definition of Z, g[V] from R to
0., where

q
O¢g — U Oae; OaelN0atle = 0
a=1

Then, according to the result of [Pastur,S:07|, Zy 3[V] will be changed
by (1 + O(e™"¢)) factor.
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Construction of the "approximate" Hamiltonian
Below we will use the notation

Xa(A) = ]‘Ua,s()\)’
Then for our domain 1 =" x,(A) and we can write H()) as
[e7

n q
HA) =-n> VO + > xa(A)xar () log i — Ayl
i=1 i;éjaoz’—l
=-n) V() +sza ) log [ A — Ajl
i=1 i#£j a=1
" Z [ 10813 = e (s ()53, () ()l = 12
i,j=1
a#a’

Then write under the integral sign

3 (A) = 03 (A) = (05, (A)) + (6x, (M) = Ai(A) + (x (A)
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Construction of the "approximate" Hamiltonian

H(Y) =H*(X) + 20> VEI(N) — o’z
j=1

+ Z /log|)\ X (A)Xar (1) Ai(A) Ay (1) dAd p

ij=1
a#a’

=H, () + AH()),
where, taking into account that (dy, (X)) = p()), we obtain that the

"effective potentials” VS‘) and ¥* have the form

V) =xa) 3 [ 10813 = b (o)
/¢O(
S dx [ dulog|x — plp(A)e(p)
m,/ [
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It is easy to see that

2oV = Y L2

eBH(/\)/2 ¥ [ 1a )\)eﬂ(Ha(A +AH(Y))/2

.ng!
[Ai]=n |a]=n 4
where Tl := (n1,...,nq), |i] := D_2_, na, and 15(A) is the indicator of
the configurations of Ay, ..., Ay, such that
Alyenns )\nl € 01, /\n1+1; ceey )\n1+n2 € 02¢e5 --- /\n—nq+17 ceey )\q € 0qe

Choose M = [log?n] and represent AH(X)1z(\) as

n M
A0 Y 30 1 (00 - o) (B 0y) - )

ij/=1km=1
a#a’

+O(eclog’m) ()= (p{™ p1,.)

where Lf{ar;la ) are the Fourier coefficient of the function

log | A — | xa(A)xar (1) with respect to the basis {pl({a)()\)p&?/)(u)}
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Main steps of the proof

o For each fi we linearize AH(\)1z()), using the Hubbard-
Stratonovich transformation. This adds to H®(X)1z(\) the
additional potential h,[1], depending on the integration parameters
i. Then for each o, we are in the situation of Theorem 3.

e Apply Theorems 2,3 to find Z,_ g[V + v 4 1h,[d]]). We obtain
the quadratic form of @ in the exponent.

o Integrate with respect to i. We obtain the expansion for the initial
partition function.
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Important definitions

H A\ — aq)

Definition of Q
Q = {Qaa,}g,a/:17 Qaa/ = (ﬁq/}(a)7 w(a’))’

where (M) (\) = pa(\)X"/2(A\)1, (pa is a polynomial of degree q — 1)
is a unique solution of the system of equations

(‘Cu}(a))a’ = daa’s of = Lyeeoc@r

(harmonic measure of o, with respect to C \ o)

Definition of I[h]

Ih] = (L[h],.... L)), Tofb] =" O L (h,v(®)).
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Main results
Theorem 3 [S:12]

Let the potential V satisfy conditions C1-C2. Then
Q for h: ||h®)]| < 0

2@nm+(2-1) @) O((R]: {nfi})
0(0; {ni})
% (1+ 0@ (|¥]loc O] 2.)))

Zn[h] =e

where the operators D, G, L are defined in terms of £ and ®Dg,,

o) {ua}) = > exp{ - g(g_lAﬁ, Aﬁ) + g(Aﬁ,I[h])

ny+-+ng=ng

0 1) (o 1pog ) ).

{na} = ({fnu}, - {nug}), (Af)a =104 — {npad, no = Y {nual,
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@ for h = 0 we have

exp {%(g — 1)2(£~Qy, V)}
det'/?(1 —DL)

Zng[V] =Su,8[V] ©(0; {nzi})(1 4+ O(n™"))
Sn plV] =exp {nQTﬁS[V] + Fg(n) + n(g — 1)((log p,p) —1—log 27T)

q
—cg(a—1)logn + > (ralua' pal — cslog ua)},

a=1

Theorem 4 [S:in prep]

Under the conditions C1-C2 Q, g[V] admits the asymptotic expansion
in n™J with quasi-periodic in n coefficients qgj[n]:

exp {%([2_3 — 1)2(291/, 1/)}

Zn V] =80 gV p—
sV =SualVl— s

©(0; {nji}) Y niqg;n],

j=1

v
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Corollaries

Corollary 1

Theorem 3 yields that the fluctuations of M,[h] for generic h are non
Gaussian. They are Gaussian, if there exists some ¢ such that

Iyhl=¢, a=1,....q; < (h—c,ip(a)):O, a=1,...,q.

Remark 1

The operator D, which appears in the place of the "variance operator"
in the multi-cut case, differs from £~' only by the finite rank
perturbation. This perturbation provides, in particular, that Df = 0, if
f(A) = const, A € o

_ 1 hA)dA [ W ()XY 2 (p)dp
@nm=5 | X-1720)) | Com
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Corollaries of Theorem 3 for the moments of A [h]

Expectation of N, [h]

For any 3 in the multi cut case we obtain O(n~') correction to

Egn{n~'Na[h]}:

Baa{n AR}~ (1) = S [(2-1) (@043 Talblea(n)] +0 (-155).

a=1

Variance of AV, [h]

Var{Nu[p]} = (Dh h)+Zdaa (n)La[h]Lo [b]

a=1

where co(n) and d, o/(n) are quasi-periodic functions (derivatives of
©-function above).
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Corollaries from Theorem 3 for the universality of local
regimes

@ bulk universality for 5 =1, 4;

@ edge universality for § =1,4;

@ bulk universality for any S could be reduced to the universality for
the one-cut case for V+n~th with ||h'|| < logn.
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